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Scale-free networks emergence

Introduced by Price in 1965: citation networks

Develloped by Barabasi and collaborators in 1999: map of WWW
network

Discovery of the scale-freeness of a lot of networks as social and
biological networks

D.Price A.-L. Barabasi
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De�nitions

Degree distribution : distribution of the number of connections per
node

The degree distribution of a Scale-free network is a power-law
P(k) = k � � (with a coe�cient � 2 [2; 3])

Distributions of a scale-free network
and a random network

Random network compared with
scale-free network
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Our interest in scale-free networks

Observation

Large network commonly encountered

Urban tra�c networks are really large : 19232 nodes and 49600
edges for Grenoble

Control design is complex

Motivation

Aggregation can cut the complexity

Scale-freeness can cut the complexity
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Objective

Obtain a scale-free structured abstraction of an initial large graph
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The optimization problem

Looking for the graph minimizing a scale free cost function and a
similarity cost function within the graphs coming out of a partition of the
initial graph and preserving physical constraints

min
G

JSF� (G) + J sim(G; G0);

subject to G0 � G

G 2 	
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Graph considered

We consider weighted, directed and connected graphs
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De�nition : Graph partition

Starting with an initial graph

Partition the vertices set such that every subgraph is
connected

We associate a new graph to the partition of the initial graph

Nicolas Martin, Carlos Canudas-de-Wit, Paolo Frasca Network aggregation towards scale-free while preserving physical properties



Context
The aggregation

The algorithm
Simulations

Summary and future works

The optimization problem
Graph partition
Cost functions
Physical properties

De�nition : Graph partition

Starting with an initial graph

Partition the vertices set such that every subgraph is
connected

We associate a new graph to the partition of the initial graph

Nicolas Martin, Carlos Canudas-de-Wit, Paolo Frasca Network aggregation towards scale-free while preserving physical properties



Context
The aggregation

The algorithm
Simulations

Summary and future works

The optimization problem
Graph partition
Cost functions
Physical properties

De�nition : Graph partition

Starting with an initial graph

Partition the vertices set such that every subgraph is
connected

We associate a new graph to the partition of the initial graph

Nicolas Martin, Carlos Canudas-de-Wit, Paolo Frasca Network aggregation towards scale-free while preserving physical properties



Context
The aggregation

The algorithm
Simulations

Summary and future works

The optimization problem
Graph partition
Cost functions
Physical properties

Dynamic equation associated

Let G 2 Γ and A its adjacency matrix. We consider the equation:{
x(t + 1) = Px(t)
x(0) = x0

where P =

(
A1

kA1k1
: : :

An

kAnk1

)
x? is the equilibrium point of the graph : x? = Px?.

A weighted graph and the equilibrium associated
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Definition : The similarity cost function

This cost function is the error between the equilibrium of the reduced
graph and the projection of the equilibrium of the initial graph

Consider G0 and G1 issued from a partition of G0

We calculate their equilibrium point

We sum the coordinates of x? within each part

G0 and its partition G1
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Definition : Merging

A merging is a particular partition where only two nodes are merged
together.
Hence a merging is a partition with the following form :

ff1g; : : : ; fv � 1g; fv + 1g; : : : ; fw � 1g; fw + 1g; : : : ; fv ;wgg

Nicolas Martin, Carlos Canudas-de-Wit, Paolo Frasca Network aggregation towards scale-free while preserving physical properties



Context
The aggregation

The algorithm
Simulations

Summary and future works

The optimization problem
Graph partition
Cost functions
Physical properties

Theorem 1 : Cancellation of the similarity cost function

In the case of a merging partition there exist weights such that the
similarity cost function is null

! 1j 2; i is a weighted sum ofw1; i and w2; i ! 1j 2; i is a sum of w1; i and w2; i

where� 1 = c x? (1)
x? (1)+ x? (2) and � 2 = c x? (2)

x? (1)+ x? (2) for all c > 0
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De�nition : The scale-free cost function

2-norm between the degree distribution and the power law distribution
with the coe�cient desired :

JSF� (G) =
kDistrib(G) � Target(� )k2

kTarget(� )k2

Remark

As we treat directed graph, we may use in or out-degree distribution
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Mass conservation property

For every node the sum of the weights of edges coming in is equal to the
sum of the weights of edges coming out

1 + 7 + 4 = 9 + 3 , the mass conservation is respected

Theorem 2 : Mass conservation preservation

In the case of a merging partition there exist weights such that the mass
conservation property is preservedand the similarity cost function is null
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General principle
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Principle of the algorithm
1 Randomly select a set of edges
2 For every edge

1 Build the merging of the two nodes.
2 Build the graph from the partition and compute JSF�

3 Find the edge minimizing JSF�

4 Restart with the new graph
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